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1 Introduction and Main Results 

Symmetry properties of solutions to semi-linear elliptic equations have been 
widely studied in the last decades. In this contest, a long standing conjecture 
by De Giorgi states that any global solution to the Ginzburg-Landau equation 

Am + m(1 -u^) =0 in (iV < 8) 

satisfying —l<u<l and -^j^ > is constant along hyperplanes. Recently 
this conjecture was proved to be true by Ghoussoub and Guy for = 2 (ITSl) 
and by Ambrosio and Cabre for = 3 ([Q]). It is still an open question for 
A^ > 3 though Alberti, Ambrosio and Cabre generalized the result for any 
non-linearity (when A^ < 3) 

Under the further hypothesis that the solution u satisfies 
lim m(x',X3) = ±1 Vx G 

the proof that u is constant along hyperplanes given in is somehow simpler. 
On the other hand, under the hypothesis that this limit is uniform in x', the 
conjecture was known as Gibbons conjecture and it has been proved for all 
dimensions independently by Barlow, Bass, Guy in 0], Berestycki, Hamel , 
Monneau in and Farina in |TT[ . 
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In recent years symmetry and monotonicity properties of solutions to 
semilinear equations have been investigated in the more general contest of 
the Carnot groups, see [|^ H, ||, 0, P and []13[. The interest in semi-linear 
equations in these groups has increased as they appear in many theoretical 
and application fields, such as complex geometry and mathematical models 
for crystal structures [|T0 |. 

In P] Prajapat and the first author studied Gibbons conjecture for the 
equation 

Ae-M + /(m) = in H", (1.1) 

where Ah" denotes the Kohn-Lalacian on the Heisenberg group H" and f{u) 
is a non linear term with some general hypothesis (in particular they include 
the case f{u) = u{l — u^))- They prove that the conjecture holds true for 
all directions orthogonal to the center of H". [| The question of whether the 
result holds true in the remaining direction was raised in ||^. 

The aim of this paper is to prove that, with respect to the center direction 
of H", the stronger De Giorgi conjecture is not true for the equation ( |1 . 1| ) . 
This negative answer will easily follow from next Theorem 1.1, the main 
result of this note. 

In order to clearly state our theorem, we need to recall some known facts 
about the Heisenberg space and its intrinsic Laplacian Ae". 

First of all let us say that H" is the Lie group whose underlying manifold 
is C" X R, n G iV, endowed with the group action o given by 

iooi = {z + Zo,t + to + 2Im(^ ■ zo)). (1.2) 

Here and in the rest of the paper we identify C" with M^" and, setting z = x+ 
iy, for the point of H"- we use the equivalent notations ^ = {z, t) = (x, y, t) G 
X X M with z := {zi, . . . ,Zn) = {xi,yi, . . . , ?/„). Furthermore, " ■ " 
denotes the usual inner product in C". 

The Lie Algebra of left invariant vector fields is generated by 

^» = £7 + ^l/if) for 2 = 1, . . . , n, 
^^ = 4 -2x4, fo^ ^ = l,...,n. 

The intrinsic Laplacian of H", also called the Kohn Laplacian, is defined as 

n 



r2\ 

■ i 

i=l 



^Very recently, in 0, the results of Q have been extended to every sub-Laplacian on 
a Carnot group. 
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It is a second order degenerate elliptic operator of Hormander type and hence 
it is hypoelliptic (see e.g. [0 or |jl6[ for more details about A^n). 

With respect to the group dilation 6xC, = {\z, XH), Ah" is homogeneous 
of degree two in the following sense 

Ah" o 5x = A^5a o Ah". 

The Koranyi ball of center C,o and radius R is defined by 

Bh{^o, R) := such that ° Um^ < R} 

where 

is a norm with respect to the group dilation and it satisfies 

\Bh{UR)\ = \Bh{0,R)\ = CR'^ 

where Q = 2n + 2 is the homogeneous dimension of H". 

A fundamental solution of — Ae" with pole at the origin is given by: 



(ieiH")«-2 

where Cq is a positive constant. 

For our purposes it is convenient to remind that the class of cylindrically 
symmetric functions is invariant with respect to the action of Aen . We shall 
say that a function {z,t) —>■ u{z,t) is cylindrically symmetric if there exists 
a two variables function U such that u{z,t) = U{r,t), r = \z\. 

In that case we formally have that 

2n — 1 

Am^u{z, t) = drrU H drU + Ar'^duU. 

r 

The main result of this paper is the following: 

Theorem 1.1 Let / : M ^ M &e a locally Lipschitz continuous function 
satisfying the hypotheses listed below: 
(HI) f zs odd, 

(H2) f>Qzn]0,l[, /(0) = /(l) = 0, 
(H3) \im^ = l>0. 



Then there exists a solution u to the equation: 

AHnM + /(M) = m R2"+i (1.3) 
satisfying \u\ <1, ^ > and 

lim u{z, t) = ±1. 

Moreover u is cylindrically symmetric and of class C°° when f is C°° . 
For solution u of (11.31) we mean a continuous function u such that: 



1. For a suitable a > 0, u e Af+"(M") i.e. X|u and F/m, j = 1, 
exists in the weak sense of distributions and belong to Aj^^(H") 



2. u satisfies (|1.3| ) pointwise everywhere. 

As in [r^l we have denoted by AJ^^(EI") the class of functions which are 
locally a-Holder continuous with respect to the intrinsic distance d in 
defined by 

rf(e,n = i(n-'°ek. 

Using the commutators of the Lie Algebra, it is easy to see that A'f^^"{M"') is 
continuously embedded in the usual Cj^^ ^ (M^""*"^). 

From Theorem 1.1 we immediately get the following corollary. 

Corollary 1.1 De Giorgi's conjecture in the t-direction is not true in M^. 

Proof. The functions f{s) = s(l — s^) satisfies all hypotheses of Theorem 1.1, 
hence there exists a C°° function u such that 

AHnM + M(l -M^) = in M2"+i, 
-Km < 1, f > 0, 
lim u{z, t) = ±1. 

t— >itoo 

Then, if De Giorgi conjecture were true in the t direction there would exist 
a G M^" and u > such that u{z,t) = U{a ■ z + tu) for some function 
U : R — s> M. Furthermore U would satisfy 

- 4z/( J« ■ z) + Ar^u^) U" = U{U^ - 1) 
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where J is the classical symplectic 2n x 2n matrix. This is a contradiction 
since the right hand side is constant along the hyperplanes a - z -\-tv — c for 
any c G M while the left hand side is not. 

Remcirk 1.1 It would be interesting to know whether the function con- 
structed in Theorem 1.1 has uniform limit with respect to z. 
Remark 1.2 It is natural to consider the extension of Theorem 1.1 to the 
contest of Carnot groups. This will be the object of a subsequent study. 



2 Proof of Theorem 1.1. 

For any > we shall denote by and D'^ respectively the cyhnders 

Dr = {{z,t) e M2'*+^; 1^1 < R, \t\ < R^} 

and 

D+ = {{z,t) e R2n+i. < Q<t< R^}. 

Let = ^■ 

We shall split the proof in several steps. 
First step: The semilinear Dirichlet problem 



Ah"M = -f{u) in D^, 
u{r,t) = ip{t), on dD^. 



(2.4) 



has a solution u e A^^"^"(£)^)nA"(£)^) for a suitable a e (0, 1). Furthermore 
u is cylindrically symmetric, Q <u <1 and for any R sufficiently large, 

u >Vo 

for some function Vg > 0, Vo ^ 0, Vg independent of R. 

Let M e be larger than the Lipschitz constant of / in [0, 1] and let 
us define 

g:R^R, g{s) = f{s) + Ms. 

Let T be the map formally defined by T{v) — u where u is the only 
solution to the Dirichlet problem 



AnnXi — Mu = —g{v) in 
u — t/j, on dD^. 



(2.5) 



The operator T has the following properties: 

(PI) There exists a G (0, 1) such that T is well defined in A"(D^). Further- 
more 

H0-uiO\<Cdie,0''il + snp\giv)\) (2.6) 

for any G D^. We also have that T{v) G Af+°(D^) for every v G 
A-(d5). 

This statement can be proved by using standard arguments and the 
results in [jl2|, [T^ (see also Theorem 4.1]). 



(P2) T{v) is cylindrically symmetric if v is cylindrically symmetric. 

Indeed suppose that u = T{v). Let 5 be a rotation in M^" and de- 
fine us{z,t) := u{Sz,t). Since Ah" is invariant with respect to S, we have 
A^nUs{z,t) = Aanu{Sz,t), so that ug is a solution of 

Ah"M5 - Mus = ~g{v{Sz,t)) = -g{v) in D^, 
Us = ^J, on dD^. 

Here we have used the invariance with respect to iS oi if) and . 
By the maximum principle we know that the solution of ( [^.5| ) is unique, 
hence u = us for any iS, i.e. m is cylindrically symmetric. 

(P3) T is monotone. More precisely if fi,f2 G A"(Dj^) and < fi < f2 < 1, 
then Tvi < Tv2- 

Let us observe that with our choice of M if < f i < f2 then g{vi) < 
g{v2)- Hence (P3) follows from the maximum principle for — Ah" + M in D^. 

(P4) If w G A°(D+) and < t; < 1 then < T{v) < 1. 

Indeed, since g{0) = 0, g{l) = M and < ip < 1 on dD^, again by the 
maximum principle we obtain that T(l) < 1 and T(0) > 0. Now we only 
need to apply property (P3) for v G A"(D^) such that < f < 1. 

We shall now construct a function f o > that plays the role of a lower 
barrier. 

Let Ao denote the principal eigenvalue of — Ajji in D]^ and let 0o > be 
the corresponding eigenfuntion normalized by sup0o = 1. 
We choose and fix Ro sufficiently large that 



where / is the hmit in condition (H3). Then there exists e G (0, 1) indepen- 
dent of R such that 

Ke<Po < /Mo)- 

By uniqueness of the normahzed eigenfunction 0o, arguing as in the proof 
of (P2) we can prove that 0o is cyhndrically symmetric. 
From now on we assume that R > Ro- Let us define 

ecpo in 
in D+\Dl. 

Standard arguments show that Vo is locally Holder continuous in M^^^^, 



see e.g. 11^ , Theorem 4.1], we stress that condition (4.4) in that theorem is 



satisfied since D]^ is convex) 



As a consequence T(t>o) is well defined and since < f o < 1 using (P4) 
we get that < T(t>o) < 1. Let us now prove that Vo < Uo := T{vo). Clearly 
the inequality holds in \ D^^, using (P4), hence we just have to prove it 



in Dt . We have 

Ho 



Am^Uo - Muo = -givo) = -g{£(po) < -{M + Ao)(£:0o) 
= -Me(j)o + Anne^o = -Mf „ + Am^Vo, 

so that 

f AHn(Mo - Vo) - M{uo -Vo) <0 in D^^ 
\ Uo> Vo on dD~^^. 

The maximum principle implies that Uo > Vo in D^^. 
Now we construct the sequence of functions 

Vk = T''ivo),ke-5M. 
Clearly using the properties above, all Vk are cyhndrically symmetric 

and 

1 > '^''{vo) > T{vo) > t^o > for every e IN. 

Let us denote by u the pointwise limit of (f^). Then u is cyhndrically sym- 
metric , fo < u < 1, u G A"(Dj) since, by ( p.6|) 



\vk{0'Vk{O\<cd{i\iY 
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where C > is independent of R. This estimates imphes that the Vk uni- 
formly converges to u in D~l^, so that u = ip on dD"^. 

Furthermore in the weak sense of distributions, u satisfies 

AHnU + /H = in (2.7) 

From (|2.7|), the Holder regularity of u and standard bootstrap argument we 



obtain that u G l(^l^^{D^) and it satisfies the equation pointwise. Hence u 
is the required function. 

Remark 2.1 Since u is cylindrically symmetric we have that u{z,t) = 
U{\z\,t) and U satisfies the semilinear elliptic equation 

2n — 1 

drrU + drU + 4r^duU + fiU) = 

r 

in the open subset of 

:= {{r,t) e / < r < R,0 < t < R^}. 

Moreover U is locally ^-Holder continuous, in the usual sense, up to dflji \ 
{(0,t)/ < t < R^}. Then, being f/(r, 0) = when < r < i?, by 

2+ — 

classical regularity results for elliptic equations, U is of class Cj^^ ^ up to 
fii?U{(r, 0)/0<r<i?}. 

Second step: The function constructed in the first step satisfies ^ > 0. 
In the following definition and theorem are given: 

Definition 2.1 Fix rj G H". A domain Q G H is said to be rj-convex (or 
convex in the direction rj) if for any G Q and any ^2 ^ ^ such that 
^2 = ctTj o for some a > we have srj o e Q for every s G (0, a). 

Theorem 2.1 Let Q be an arbitrary bounded domain o/H" which is rj- con- 
vex for some rj E H . Let u G H CiVt) be a solution of 



Ae"M + f{u) = in 17 
u = d) on dVt 



(2.8) 



where f is a Lipschitz continuous function. Assume that for any (,2 E dQ, 
such that ^2 = otr] o for some a > we have for each s G (0, a) 

0(^1) <«(sr7oei) < 0(6) sr/o^iGfi (2.9) 
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and 

0(6) < < 0(6) if svo^.edn (2.10) 

Then u satisfies 

u{sirj o ^) < u{sri o ^) (2-11) 

for any < Si < s < a and for every ^ E^. 

Moreover, u is the unique solution of ^2.8^) in ^^(fi) fl C{Vt) satisfying 

Let us choose rj = (0, 1), clearly is ?7-convex since: 

ST] O ^ = (z,t + s). 

Furthermore = ^/'(O) < u{z,t) < '0(1) = 1 and by construction ijj 
satisfies ( |2.10|) . Hence we are in the hypothesis of Theorem p.l| and u satisfies 



u{z,ti) < u{z,t2) for any < ti < t2 < 1 



in D+. 



In particular we get |j > 0. 
Now since ^ commutes with Ae" and / is Lipschitz continuous then the 
inequality is strict, just by using the strong Maximum principle. 

Third step. We extend to Dr the function u of the previous step by setting 

<^,t) for t>0 

^ ' ^ \ -u{z,-t) for t < 0. 

Obviously v is cylindrically symmetric, —l<v<l,v>Voiti D^, 
V G C^^Dfj) and v = (p on dDn. We want to prove that v satisfies 

Aent; + /(t;) = in Dr. (2.12) 

Since / is odd, using the fact that v is odd and cylindrically symmetric it is 
easy to see that v satisfies ( |2.12D in Dr \ {t = 0}. 

By Remark 2.1 at the end of the first step, we now obtain that v G 
C^+^{Dr \ {(0, 0)}) and it solves (|2l^) in the same open set. Hence we just 
have to remove the singularity at the origin. Let us define 



JDr 



where T{z,t) is the fundamental solution recalled in the Introduction. Since 
f{v) G Ct(Dfi) and ctiDn) C AfjDn), then w G ALt^(^ii) and satisfies 

Ah"W = f{v) in Dr. 

Hence 

Am4v + w) = in Z}r\{(0,0)}. 

On the other hand v + w ^ L°°{Dji). Then there exists a C°°-function 
/i, Aen harmonic in D/j such that 

h = v + w in D/j \ {(0,0)}. 

It follows that V solves (p.l2|) everywhere in Dr. 

This ends the third step. We shall denote UR{z,t) = v{z,t) the function 
constructed above. 

Fourth step. We let R tend to infinity and obtain a global solution. 

Since the functions ur are equi-bounded and solutions of (|2.4]) in Dr, 
then A^nUR are also equi-bounded and by standard arguments, eventually 
passing to a subsequence, the ur's locally uniformly converge to u, weak 
solution of 

Ah-m + fiu) = in M2"+^ (2.13) 

Furthermore 

1) u is cylindrically symmetric, 

2) -1 < M < 1, 

3) u{z, t) = —u{z, — t), 

4) for t > 0, u{z,t) > Vo{z,t), 

5) t (— 5> u{z,t) is monotone increasing. 

Since / is locally Lipschitz continuous and |m| < 1, it follows from ( p.l3| ) that 
u e Aj^^°'(EI") for every a < 1. Obviously, the more regular / is, the more 
regular u is; in particular u is of class C°° when / is C°°. 

Moreover, property 5) implies ^ > so that, since ^ commutes with 
Ah", by the strong maximum principle either ^ > or ^ = 0. But by 3) 
and 4) this second possibility is absurd hence ^ > . 

Last step. We want to prove that 

lim u{z, t) = ±1. 

f— >itoo 
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We shall consider only the limit in +00 since the other case follows 
similarly. Let us denote Uo{z) := lim u{z,t). Since u is bounded and 

t— >+oo 

monotone in t the limit is well defined and < Uo{z) < 1. We want to prove 
that Uo{z) = 1. 

By standard arguments (multiplying equation (|2.13|) by a sequence of 



functions Tpk^z.t) = (f){z)(f)k{t) where has compact support and supp^fc = 
+ 1[ and / (pkdt = 1 and letting k go to infinity) it easy to see that Uo is 
a weak solution of 



Auo + f{uo) = in 



t,2n 



Clearly a bootstrap argument shows that Uo is a classical solution. More- 
over Uo{z) = Uo{r) with r = |z| for some function Uo solution of 

2r? — 1 

U':{r) + ——U',{r) + m{r)) = 0, (2.14) 

KiO) = (2.15) 



The Cauchy problem for (|2.14| ) with initial conditions Uo{0) = 1 and Ug{0) 



has a unique solution (see e.g. fT^l)- Thus, since /(I) = 0, if Uo{0) = 1 
then Uo = I and we are done. Suppose, by contradiction, that Uo{0) < 1. 
It is easy to see that U'^ < 0. Indeed integrating (|2.14]) one obtains: 



r2-if/^(r) = - r p'--'f{Uoip))dp < 0, (2.16) 





hence Uo is strictly decreasing and has a finite non-negative limit as r 00. 
More precisely lim Uo{r) = 0. Indeed otherwise Uo{r) —>■ k > and 

r— >+oo 

f{Uo{r)) ^ f{k) > (by (H3)). This, together with (|2A6| ) implies that 
\U'g{r)\ 00, which is absurd since Uo is bounded. Using hypothesis (H4) 
on / we obtain that for r large Uo satisfies 

2n — 1 

U'Jir) + U'^ir) + K{r)Uo{r) = 

r 

with K{r) = i^§^ ^ / > 0. 

Using the substitution Vo{r) = r^^Uoir) we obtain that Vo satisfies 

V"{r) + H{r)V{r) = 
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with H{r) = ^(1 - + K{r). Comparing with 

U"{r) + l-U{r) = 

we obtain that Vo i.e. has infinite zeros in a neighborhood of infinity, 
which is absurd. This conclude the last step and the proof. 
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